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In previous work about axisymmetric adhesive contact on power-law graded elastic materials, the con-
tact interface was often assumed to be frictionless, which is, however, not always the case in practical
applications. In order to elucidate the effect of friction and the coupling between normal and tangential
deformations, in the present paper, the problem of a rigid punch with a parabolic shape in non-slipping
adhesive contact with a power-law graded half-space is studied analytically via singular integral equa-
tion method. A series of closed-form analytical solutions, which include the frictionless and homoge-
neous solutions as special cases, are obtained. Our results show that, compared with the frictionless
case, the interfacial friction tends to reduce the contact area and the indentation depth during adhesion.
The magnitude of the coupling effect depends on both the Poisson ratio and the gradient exponent of the
half-space. This effect vanishes for homogeneous incompressible as well as for linearly graded materials
but becomes signiﬁcant for auxetic materials with negative Poisson’s ratio. Furthermore, inﬂuence of
mode mixity on the adhesive behavior of power-law graded materials, which was seldom touched in lit-
erature, is discussed in details.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Mechanics of functionally graded materials (FGMs) with spa-
tially varying elastic moduli is of signiﬁcance to many applications
in tribology (Enomoto and Yamamoto, 1998; Donnet and Erdemi,
2004), adhesion (Giannakopoulos and Pallot, 2000; Chen et al.,
2009b), geology (Holl, 1940; Booker et al., 1985a,b), biomechanics
(Pompe et al., 2003; Hedia andNemat-Alla, 2004), fracturemechan-
ics (Suresh, 2001), thermo-mechanical systems (Pindera et al., 1998;
Nemat-Alla, 2003), energy storage/conversion systems (Kambe and
Shikata, 2003; Kato et al., 2006) and nanotechnology (Li et al., 2009;
Sioh, 2010). In particular, the contact mechanics of FGMs has
received considerable attention in the past (Giannakopoulos and
Pallot, 2000). Early studies on the contact mechanics of FGMs
focused on the settlement of foundations on soils with elastic
moduli varying linearly with depth (Holl, 1940; Lekhnitskii, 1962;
Gibson, 1967; Gibson and Sills, 1975; Calladine and Greenwood,
1978; Booker et al., 1985a,b). More recent studies have demon-
strated that FGMs can be designed to have substantially improved
resistance to contactdamage compared to their homogeneous coun-
terpart (Suresh and Mortensen, 1998; Suresh, 2001). Suresh andll rights reserved.
Huajian_Gao@brown.edu (H.coworkers made systematic investigations on the mechanics of
indentation on graded elastic solids (Giannakopoulos and Suresh,
1997a,b; Giannakopoulos and Pallot, 2000; Choi et al., 2008; Prasad
et al., 2009), and proposed a theoretical framework for frictionless
contact of graded materials under concentrated point loads and
axisymmetric indenters (Giannakopoulos and Suresh, 1997a,b).
The plane strain problem of a rigid cylinder in contact with a
power-law graded half-spacewas also examined byGiannakopoulos
and Pallot (2000).
With the rapid development of nanotechnology, micro- and
nano-indentation has become a powerful tool to characterize
mechanical properties of a variety of biological/soft materials with
sizes approaching molecular or atomic dimension. For such appli-
cation, the adhesion forces between contact surfaces induced by
capillary, electrostatic and van der Waals interactions will come
into play and may affect the contact behavior signiﬁcantly. Recent
years have witnessed a continuously growing interest in adhesive
contact between soft materials from different branches of
engineering and applied sciences. Compared with studies on
adhesive contact mechanics of homogeneous materials (Johnson
et al., 1971; Derjaguin et al., 1975; Barquins, 1988; Maugis,
1992; Chaudhury et al., 1996; Baney and Hui, 1997; Greenwood,
1997; Barthel, 1998; Hui et al., 2001; Chen and Gao, 2006a,b,
2007a,b), there is so far only limited work (Giannakopoulos and
Pallot, 2000; Chen et al., 2009b; Jin and Guo, 2010) on adhesive
Fig. 1. Schematic illustration of a rigid punch in non-slipping contact with a power-
law graded elastic half-space under a normal force P and a mismatch strain e(r).
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biological and soft material systems. Giannakopoulos and Pallot
(2000) proposed an energy-based approach to two-dimensional
adhesive contact on power-law graded materials. Recently, Chen
et al. (2009b) studied frictionless adhesive contact between a rigid
sphere and a power-law graded elastic half-space and, rather
amazingly, obtained a number of simple closed-form analytical
solutions to a seemingly very complex problem. A problem of the
solutions presented in Chen et al. (2009b) is that the coupling be-
tween normal and tangential deformations within the contact re-
gion are ignored, which might seriously limit their applications
to many practical cases in which friction forces may play an impor-
tant role.
The present paper is aimed to develop a series of closed-form
analytical solutions for non-slipping adhesive contact between a ri-
gid punch and a power-law graded elastic half-space. Our work
makes two critical contributions to adhesive contact mechanics.
First, we develop fundamental analytical solutions to non-slipping
adhesive contact on power-law graded materials which can cap-
ture the contact behaviors of a broad range of soft materials in biol-
ogy and engineering. Second, as shown by Waters and Guduru
(2010), the effect of mode mixity is a critical factor for the analysis
of adhesive contact between soft materials, which obviously can-
not be addressed in a theoretically consistent way if the coupling
between normal and tangential deformations within the contact
region is ignored, as in Chen et al. (2009a,b).
The rest of the paper is organized as follows. In Section 2, the
non-slipping adhesive contact problem is formulated as a set of
coupled Abel-type singular integral equations and the correspond-
ing solution procedure is presented. In Section 3, we show that the
solutions are available in closed form by the Jacobi polynomial
method. As an important degenerate case, a generalized non-
slipping JKR model for homogeneous half-space is examined and
compared with the classical JKR model in Section 4. The model of
an adhesion mediated deformation sensor proposed in Chen and
Gao (2006b) is extended to power-law graded materials in Section
5. In Section 6, the inﬂuence of mode mixity on adhesive contact of
gradedmaterials is discussed in the plane strain case. Deﬁnitions of
the corresponding stress intensity factor and energy release rate,
which generalize the classical results for homogeneous materials,
are also presented in this section. Some concluding remarks are
given in Section 7.
2. Problem statement and the solution approach
Consider a rigid punch in non-slipping adhesive contact with an
isotropic, power-law graded elastic half-space (Fig. 1). The proﬁle
of the rigid punch is assumed to have the following form
f ðrÞ ¼
XN1
n1¼0
an1 r2n1
R2n11
ðN1 ¼ 0;1;2; . . .Þ; ð1Þ
where an1 P 0 is a dimensionless parameter and R is a characteristic
length. The case N1 = 1 and a0 ¼ 0; a1 ¼ 1=2 corresponds to the par-
abolic shape used in most of the classical contact models to approx-
imate a sphere of radius R when the contact radius is small
(Johnson, 1985). It is assumed that the Poisson ratio of the half-
space has a constant value v in the interval [1,0.5], while its
Young’s modulus varies in the power-law form
E ¼ E0ðz=c0Þk; 0 < k < 1; ð2Þ
where E0 > 0 is a reference modulus, c0 > 0 is a characteristic depth
and k is the gradient exponent. The system is subjected to a normal
contact force P (negative when tensile) applied on the rigid sphere
and a mismatch strain distribution e(r) between the contact sur-
faces in the following formeðrÞ ¼ 
XN2
n2¼0
ðn2 þ 1Þen2
r
R
 n2 ðN2 ¼ 0;1;2; . . .Þ; ð3Þ
where en2 is a dimensionless parameter. This type of mismatch
strain distribution could be induced by a non-uniform temperature
change in the radial direction (Chen and Gao, 2006b). The case
N2 = 0 corresponds to a constant mismatch strain. Due to the non-
slipping condition, both normal and tangential interfacial tractions
will be induced by the adhesion between the two objects. The
radius of the contact region is denoted by a.
Using the surface elastic Green’s function, the relation between
the surface displacements of the half-space (urðrÞ ¼ 
R r
0 eðsÞds and
uzðrÞ) and the corresponding interfacial tractions within the
contact region (p(r) = rzz(r) and q(r) = srz(r)) can be established as
follows (Popov, 1973):Z a
a
½Kkðx sÞ  KkðsÞvðsÞds ¼ HðxÞ; ð4Þ
where
KkðsÞ¼jsjk signðsÞþitankp2 cot
kp
2
 2" #
; vðsÞ¼j12pðsÞþij12qðsÞ;
HðxÞ¼ 2xtanðkp=2Þ
ph1
ﬃﬃﬃ
j
p
tanðkp=2Þ
Z 1
0
½uzðxtÞtþijurðxtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1t2
p dt
ð5Þ
with i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
and
k ¼ b 1; j ¼ b
1þ k ; b ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ kÞ 1 km
1 m
 s
;
h1 ¼ 
ck0Ck cos
bp
2
kE
; E ¼ E0
1 m2 ; Ck ¼
21þkC 3þkþb2
 
C 3þkb2
 
pCð2þ kÞ ;
pðsÞ ¼ 2
p
Z a
s
tpðtÞdtﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  s2
p ; qðsÞ ¼ 2s
p
Z a
s
qðtÞdtﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  s2
p ;
ð6Þ
where C() denotes the Gamma function.
Under the prescribed interfacial displacements urðrÞ and uzðrÞ,
Eq. (4) is a set of coupled Abel type singular integral equations
for unknown interfacial tractions, p(r) and q(r). Note that the
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formulation.
According to Popov (1973), the exact solution of the integral
equation in Eq. (4) can be expressed as a series of Jacobi polynomi-
als, that is
vðxÞ ¼
X1
m¼0
vmP
q
mðxÞ
wqðxÞ
; ð7Þ
where PqmðxÞ ¼ Pk=2iq;k=2þiqm ðx=aÞ is the Jacobi polynomial of order m
with index (k/2  iq,k/2 + iq) and
vm ¼
ðm!Þ2ð1þ kþ 2mÞCðkÞ sinðkp=2Þ coshðpqÞ
pð2aÞ1þkjCð1þmþ k=2þ iqÞj2
Hm;
Hm ¼
Z a
a
H0ðxÞPqm ðxÞ
wqðxÞ
dx; m ¼ 0;1;2; . . . ;
wqðxÞ ¼ ða xÞ
k
2þiqðaþ xÞk2iq; q ¼ 1
2p
ln
sin½ðkþ kÞp=2
sin½ðk kÞp=2 ;
ð8Þ
where H0(x) = dH/dx. Once v(x) is determined, the interfacial trac-
tions p(r) and q(r) can be obtained from its real and imaginary parts
through
rpðrÞ ¼ j12 d
dr
Z a
r
sRe½vðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2  r2
p ds;
qðrÞ ¼ j12 d
dr
Z a
r
Im½vðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2  r2
p ds; ð9Þ
respectively.
Accordingly, the force applied on the punch can be expressed as
P ¼ sinðkp=2Þ coshðpqÞ
k
ﬃﬃﬃ
j
p Re½H0: ð10Þ
The surface energy associated with the contact region can be
expressed as
Us ¼ pa2Dc; ð11Þ
where Dc is the work of adhesion that could include possible en-
ergy dissipation during the adhesion process.
The total free energy of the system is taken to be
UT ¼ UE þ Us; ð12Þ
where UE denotes the elastic strain energy stored in the graded half-
space. The contact radius a is thendetermined from (Giannakopoulos
and Pallot, 2000; Chen et al., 2009b)
@UT
@a

d;e
¼ 0 ð13Þ
for ﬁxed values of d and e.
In the following sections, the above solution procedure will be
employed to investigate a rigid punch in non-slipping adhesive
contact with a power-law graded elastic half-space, taking into ac-
count the full coupling between normal and tangential
deformations.
3. Explicit solutions
From Eqs. (1) and (3), the axisymmetric surface displacements
of the half-space under the indentation of a rigid punch and the
distributed mismatch strain can be written as
uzðrÞ ¼ d
XN1
n1¼0
an1r2n1
R2n11
; urðrÞ ¼
XN2
n2¼0
en2 rn2þ1
Rn2
; jrj < a; ð14Þ
where d is the depth of indentation.
Inserting Eq. (14) into Eq. (5)3, and then into Eq. (8)2 yieldsHm ¼ 2 tanðkp=2Þph1
ﬃﬃﬃ
j
p
tanðkp=2Þ
"
dHð0;mÞ

XN1
n1¼0
an1
ﬃﬃﬃ
p
p ð1þ 2n1Þ
2R2n11
Cð1þ n1Þ
Cð3=2þ n1ÞHð2n1;mÞ
þ ij
ﬃﬃﬃ
p
p
2
XN2
n2¼0
ð2þ n2ÞCð1þ n2=2Þen2
Cð3=2þ n2=2ÞRn2
Hð1þ n2;mÞ
#
; ð15Þ
where
Hðn;mÞ ¼
Z a
a
xnPqm ðxÞ
wqðxÞ
dx ðm;n ¼ 0;1;2; . . .Þ: ð16Þ
Since
Hðn;mÞ¼
Pn
j¼m
ð1ÞjþmDjnDmj
21þjþkC 1þjþk2þiqð ÞC 1þmþk2iqð Þ
Cðjþkþmþ2Þ a
nþ1þk; 06m6n;
0; mPnþ1;
8><>: ð17Þ
where Djn ¼ n!=½j!ðn jÞ!, it can be seen from Eqs. (15) and (17) that
for any prescribed N1P 0 and N2P 0, there will be only ﬁnite non-
zero terms of vm in Eq. (7). This means that closed-form analytical
solutions for the considered problem are available as long as the
shape f(r) of the axisymmetric punch and themismatch strain distri-
bution e(r) can be described in the form of Eqs. (1) and (3), respec-
tively. However, the solution procedure can be quite lengthy when
N1 and N2 are large. For the sake of simplicity, we will only focus on
the case of parabolic shape punch ða2 ¼ 1=2 and all other an1 ¼ 0Þ
and constant mismatch strain N2 = 0 in the following text.
3.1. Stress ﬁelds within the contact zone
For a rigid punch with a parabolic shape f(r) = r2/2R and a con-
stant mismatch strain, combining Eqs. (7), (8)1, (9), (15) and (17)
leads to the following explicit expressions for p(r) and q(r)
rpðrÞ ¼ d1U01ðrÞ þ
d3
j
U03ðrÞ þ
d2d3
j
W02ðrÞ;
qðrÞ ¼ jd1W00ðrÞ þ d3W02ðrÞ  d2d3U01ðrÞ;
ð18Þ
where
d1 ¼ PCð2þ kÞ
pð2aÞ1þkRt
þ d3
j
1þ 4q2
3þ k a
2 þ 2jqRae
 
;
d2 ¼ 2qaþ ð2þ kÞjRe;
d3 ¼ 4E
 cosðkp=2Þ coshðpqÞ
ð1þ kÞð2þ kÞp2ck0RCk sinðbp=2Þ
; Rt ¼ C 1þ k2þ iq
  2
ð19Þ
with
U0nðrÞ ¼
d
dr
Z a
r
snða2  s2Þk2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2  r2
p cos q ln aþ s
a s
 
ds;
W0nðrÞ ¼
d
dr
Z a
r
snða2  s2Þk2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2  r2
p sin q ln aþ s
a s
 
ds; n ¼ 0;1;2;3:
ð20Þ
It can be veriﬁed that the interfacial tractions p(r) and q(r) ob-
tained above satisfy the boundary conditions:
P ¼ 2p
Z a
0
rpðrÞdr;
Z 2p
0
Z a
0
rqðrÞ cos hdrdh ¼ 0;Z 2p
0
Z a
0
rqðrÞ sin hdrdh ¼ 0: ð21Þ
It can be seen from the above results that, in contrast to the fric-
tionless contact solution (Giannakopoulos and Suresh, 1997b;
Chen et al., 2009b), the singular stress ﬁeld in Eq. (18) oscillates
2568 X. Guo et al. / International Journal of Solids and Structures 48 (2011) 2565–2575with increasing frequency near the contact edge. This character is
due to the coupling between normal and tangential deformations
induced by the non-slipping condition in the contact region. The
above analysis also reveals that the magnitude of this coupling ef-
fect is controlled by the parameter deﬁned in Eq. (8)4, which is a
generalized version of the oscillation index (Williams, 1959) for
power-law graded materials. The larger the value of q, the stronger
the coupling effect. The oscillatory stress ﬁeld is analogous to that
near the tip of an interfacial crack in dissimilar media (Rice, 1988;
Hutchinson and Suo, 1992). As also pointed out by Johnson (1985),
this anomalous behavior is mainly due to the fact that linear elas-
ticity theory is not adequate to handle the high strain gradients
near the contact edge. On the other hand, the oscillatory stress ﬁeld
is expected to hold away from a small singular zone around the
contact edge.
Fig. 2 depicts the variation of the coupling coefﬁcient q with re-
spect to the gradient exponent k for a set of Poisson’s ratio v. It
shows that for homogeneous incompressible material (k = 0 and
v = 0.5) and linearly gradedmaterial (k = 1), the coupling coefﬁcient
vanishes (i.e., q = 0), which means that no coupling exists in these
two cases. It is also found thatq is relatively small formaterialswith
positive Poisson’s ratio but for auxeticmaterials with negative Pois-
son’s ratio, it has a relatively large value. This indicates that the cou-
pling effect may be especially signiﬁcant when the adhesive contact
behavior of auxetic materials is considered.
Since the oscillatory stress ﬁeld is by itself an anomalous result
associated with linear elasticity, it is often interesting to consider
the solution when the value of q is set to zero (Hutchinson and
Suo, 1992). Under this circumstance, it can be shown that the cor-
responding stress ﬁeld reduces to
rp0ðrÞ ¼ 
PCð2þ kÞ
pð2aÞ1þk½Cð1þ k=2Þ2
þ d03a
2
ð3þ kÞj
( )
X1ðrÞ þ d03j X3ðrÞ;
q0ðrÞ ¼ ð2þ kÞd03jRerX1ðrÞ;
ð22Þ
where
d03 ¼ lim
q!0
d3; XmðrÞ ¼ 1r
d
dr
Z a
r
smða2  s2Þk2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2  r2
p ds ðm ¼ 1;3Þ: ð23Þ
Through some manipulation of analytical integrations, it yields that0.0 0.2 0.4 0.6 0.8 1.0
-0.1
0.0
0.1
0.2
0.3
 
 ν = −1    ν = 0
 ν = 0.3   ν = 0.5
  
ρ
Fig. 2. Variation of the coupling coefﬁcient q with respect to the gradient exponent
k for different values of Poisson’s ratio v.X1ðrÞ ¼  k2
Cðk=2Þ ﬃﬃﬃpp
C 1þk2
 	 ða2  r2Þk12 ;
X3ðrÞ ¼ a2X1ðrÞ þ 2þ k2
ﬃﬃﬃ
p
p
Cð1þ k=2Þ
C 3þk2
 	 ða2  r2Þ1þk2 : ð24Þ
Inserting Eq. (24) back into Eq. (22)1, it can be found that
p0ðrÞ ¼ C1 1
r
a
 2
 1þk2
þ C2 1 ra
 2
 k12
; ð25Þ
where
C1 ¼ 4a
1þkE cosðkp=2Þ
p32Rck0Ckb sinðbp=2Þ
Cð1þ k=2Þ
ð1þ kÞCð1=2þ k=2Þ ;
C2 ¼ Pð1þ kÞ2pa2 
4a1þkE cosðkp=2Þ
p32Rck0Ckb sinðbp=2Þ
Cð1þ k=2Þ
ð3þ kÞCð1=2þ k=2Þ :
ð26Þ
The normal traction p0(r) obtained in this way is exactly the
same as that in the frictionless case obtained by Chen et al.
(2009b) via a superposition of the Hertz solution of a rigid sphere
and the solution of a ﬂat-ended cylindrical punch. Note that p0(r)
becomes independent of the mismatch strain e when q = 0.3.2. Indentation depth
Substituting the expression of H0 in Eq. (15) into Eq. (10) yields
the indentation depth as
d ¼ d4Pa1k þx1 a
2
R
 4jqae
2þ k ; ð27Þ
where
d4 ¼ jpCð2þ kÞc
k
0Ck sinðbp=2Þ
22þkERt coshðpqÞ cosðkp=2Þ
; x1 ¼ 2þ k 4q
2
ð3þ kÞð2þ kÞ : ð28Þ
Taking the limit of q? 0, d reduces to the corresponding solu-
tion in the frictionless case,
dfrl ¼ lim
q!0
d ¼ P
ﬃﬃﬃ
p
p
ck0Ckb sinðbp=2Þ
4a1þkE cosðkp=2Þ
Cð1=2þ k=2Þ
Cð1þ k=2Þ þ
1
3þ k
a2
R
: ð29Þ
The interfacial stress distributions and indentation depth for a
ﬂat-ended cylindrical punch can also be obtained by following
the same procedure mentioned above. Again, in the limit of
q? 0, the result reduces to the solution to a ﬂat-ended cylindrical
rigid punch derived by Giannakopoulos and Suresh (1997b). For
the limitation of space, further details are omitted here.3.3. P–a–e relation and pull-off force
The elastic strain energy stored in the half-space is
UE ¼ UEp þ UEq; ð30Þ
where
UEp ¼ 12
Z a
0
pðrÞuzðrÞ2prdr ¼ P2 d
p
2R
Z a
0
r3pðrÞdr;
UEq ¼ 12
Z a
0
qðrÞurðrÞ2prdr ¼ pe
Z a
0
qðrÞr2 dr:
ð31Þ
Meanwhile, it can be shown that
Fig. 3. Variation of the normalized contact radius a/aJKR as a function of the
mismatch strain e for a power-law graded elastic half-space with gradient exponent
k = 0.5 under different pulling forces.
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Fig. 4. P–a relation for a power-law graded elastic half-space with gradient
exponent k = 0.5.
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0
r2U01ðrÞdr ¼ 
2þ k 4q2
Cð4þ kÞ 2
1þkRta3þk;Z a
0
r2U03ðrÞdr ¼ 
3ð4þ kÞð2þ kÞ  8q2ð10þ 3k 2q2Þ
Cð6þ kÞ Rt2
1þka5þk;Z a
0
r2W00ðrÞdr ¼ 
q
Cð3þ kÞRt2
2þka2þk;Z a
0
r2W02ðrÞdr ¼ 
ð8þ 3k 4q2Þq
Cð5þ kÞ Rt2
2þka4þk:
ð32Þ
Combining Eqs. (18), (31) and (32) gives
UEp ¼ P2 d
x1
2R
Pa2 þ 21þk pd3d5
j
a5þk
R
þ 22þkpd3d6ea4þk;
UEq ¼ 2jqe2þ k Paþ 2
2þkpd3d6ea4þk þ 21þkpd3d7jRa3þke2;
ð33Þ
where
d5 ¼ ð1þ 4q
2Þd7
ð5þ kÞð3þ kÞ ; d6 ¼
qd7
4þ k ; d7 ¼
½ð2þ kÞ2 þ 4q2Rt
Cð4þ kÞ ð34Þ
are all dimensionless quantities.
Equilibrium of the adhesive system requires that
@UT
@a

d;e
¼ @UEp
@a

d;e
þ @UEq
@a

d;e
 2Dc ¼ 0: ð35Þ
Inserting Eq. (33) into Eq. (35), while noting
@P
@a

d;e
¼ ð1þ kÞ P
a
x1
d4
2a2þk
R
þ 4jqeð2þ kÞd4 a
1þk ð36Þ
leads to the following P–a–e relation in a normalized form
9x0ak
2bRk a^3þk  6x1bP þ 8x2
bRk
ak
bP2
a^3þk
þ 9x3
2
akbR1ka^2þke
þ 9x4
2
akbR2ke2a^1þk þ 12x5 bRbPa^ e 1 ¼ 0; ð37Þ
where
x0 ¼ 2
2þkð1þ 4q2Þ
bð3þ kÞ d8d9; x2 ¼
bCð2þ kÞ
24þkd8
;
x3 ¼ 2
4þkq
1þ k d8d9; x4 ¼
22þkð3þ kÞj
1þ k d8d9; x5 ¼
jq
2þ k
d8 ¼ Rt coshðpqÞ cosðkp=2ÞpCk sinðbp=2Þ ; d9 ¼
ð2þ kÞ2 þ 4q2
ð2þ kÞCð4þ kÞ :
ð38Þ
In Eq. (37),
a^ ¼ a
aJKR
; bR ¼ R
aJKR
; bP ¼ 3PR
4Ea3JKR
; a ¼ R
c0
ð39Þ
are all dimensionless quantities and aJKR ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9pR2Dc=ð2EÞ3
q
is the
classical JKR contact radius corresponding to e = 0 and P = 0
simultaneously.
The normalized contact radius a/aJKR as a function of the mis-
match strain e for a power-law graded half-space with gradient
exponent k = 0.5 under different pulling forces is plotted in Fig. 3,
where both true and non-oscillatory solutions (obtained by letting
q = 0 artiﬁcially) are shown for comparison. It can be seen that the
behavior of a/aJKR with respect to e is qualitatively similar to that in
the case of homogeneous materials (Chen and Gao, 2006a,b,
2007b). Fig. 3a and b also shows that the coupling effect tends to
reduce the contact area for a given value of the mismatch strain
but it becomes more signiﬁcant for auxetic materials (v = 0.3)
than for regular materials (v = 0.3).
The P–a–e relation can also be normalized in another form:x0eEak~a3þk þ 2x5e~a x1
 eP þ x2eEak~a3þk eP2 þx3eEak~a2þke
þx4eEak~a1þke2  p ¼ 0; ð40Þ
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Fig. 4 shows the normalized contact radius a/R as a function of
the normalized load P/(RDc) predicted from Eq. (40) for k = 0.5 and
v = 0.3 under different values of the mismatch strain. Both true and
non-oscillatory solutions are depicted for comparison. It can be
seen that the mismatch strain does have some inﬂuence on the
contact radius of the adhesion system. The smaller the mismatch
strain, the more accurate the non-oscillatory solution.
In the absence of mismatch strain (e = 0), the P–a relation can be
obtained as-5
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According to Eq. (42), Fig. 5a and b plots the P–a relations pre-
dicted by the current non-slipping contact model and the friction-
less contact model by Chen et al. (2009b) for prescribed values of
k;a; eE and v. For materials with v = 0.3, it can be seen that the
two sets of solutions agree well in the tensile regime (P < 0) but
the non-slipping condition tends to reduce the contact area in-10 -5 0 5 10 15 20 25
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Fig. 5. P–a relation in the absence of mismatch strain predicted by different contact
models.
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Fig. 6. P–d relation in the absence of a mismatch strain from non-slipping and
frictionless contact models.the compressive regime (P > 0). For auxetic materials with
v = 0.3, the discrepancy between the two models becomes more
prominent in the compressive regime (P > 0).
It may be also of interest to make a comparison between P–d
relations obtained by non-slipping and frictionless contact models.
In the case of e = 0, Fig. 6a and b shows the normalized load P/(RDc)
as a function of the normalized indentation depth d/R predicted by
the two models for v = 0.3 and v = 0.3, respectively. One can see
that the non-slipping condition tends to reduce the indentation
depth until pull-off and the discrepancy between the results ob-
tained by the two models is more obvious for the latter case. This
is interesting in view of recent reports that auxetic materials with
negative Poisson’s ratio, such as polymeric and metallic foams
(Chan and Evans, 1998; Lakes and Elms, 1993), carbon ﬁber com-
posite laminates (Coenen et al., 2001) and microporous polymers
(Alderson et al., 2000), exhibit higher resistance to indentation
than conventional materials with positive Poisson’s ratio. Our anal-
ysis thus provides a feasible explanation of this phenomenon.
In the case of e = 0, the critical force and contact radius at pull-
off can be obtained from Eq. (42) as
Ppf ¼  pRDc
x1 þ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃx0x2p ; acr ¼ R
ﬃﬃﬃﬃﬃﬃ
x2
p
pakﬃﬃﬃﬃﬃﬃ
x0
p ðx1 þ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃx0x2p Þ DcER

  1
3þk
:
ð43Þ
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P0pf ¼ 3þ k
2
pRDc;
a0cr ¼ R p
3=2Ckb sinðbp=2Þ
16 cosðkp=2Þ
ð1þ kÞð3þ kÞ2
Cð1þ k=2Þ C
1þ k
2
 
akDc
ER
" # 1
3þk
;
ð44Þ
which is in perfect agreement with those obtained by Chen et al.
(2009b) under the frictionless assumption. Furthermore, the P–a
relation in the frictionless case can also be found by letting q? 0
in Eq. (42).
In the absence of a mismatch strain, Fig. 7 plots the normalized
pull-off force Ppf=PpfJKR as a function of the gradient exponent k for
different values of v, along with the corresponding frictionless
solution. Here PpfJKR is the pull-off force corresponding to the classi-
cal JKR model. It can be observed that for the frictionless case, the
pull-off force depends linearly on the gradient exponent k and is
independent of the Poisson’s ratio of the half-space (Chen et al.,
2009b). When the coupling effect is involved, however, the pull-
off force exhibits some slight dependence on the Poisson’s ratio
of the half-space. Even so, the frictionless model can still give a
good approximation for the pull-off force. The non-slipping condi-
tion causes less than 2.5% reduction in the pull-off force. It is also
interesting to note that under the parabolic assumption of the
punch shape, the pull-off force is also independent of E0 even if
the non-slipping condition is assumed within the contact region.
4. Generalized JKR solution for homogeneous materials
In this section, we will show that the general solution to non-
slipping contact on graded materials can be reduced to the non-
slipping JKR solution for homogeneous materials.
4.1. Stress ﬁeld within the contact zone and the indentation depth
In the homogeneous limit, i.e. k? 0, it can be shown that
b! 1; k! 0; j! 1; Ck ! 2=p; q! q0 ¼
1
2p
lnð3 4mÞ;
Rt ! Rt ¼
pq0
sinhðpq0Þ
; d3 ! d3 ¼
E coshðpq0Þ
pR
:
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Fig. 7. Normalized pull-off force Ppf=PpfJKR as a function of gradient exponent k for
various values of Poisson’s ratio v from different contact models without the
mismatch strain (e = 0).It follows from Eq. (18) that the stress distribution within the
contact zone becomes
rphomðrÞ ¼ d1/01ðrÞ þ d3/03ðrÞ þ 2d2d3u02ðrÞ;
qhomðrÞ ¼ d1u00ðrÞ þ d3u02ðrÞ  2d2d3/01ðrÞ;
ð46Þ
where
d1 ¼
P
2paRt
þ d3
1þ 4q20
3
a2 þ 2q0eRa
 
; d2 ¼ q0aþ Re ð47Þ
and
/0nðrÞ ¼
d
dr
Z a
r
snﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2  r2
p cos q0 ln
aþ s
a s
 
ds;
u0nðrÞ ¼
d
dr
Z a
r
snﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2  r2
p sin q0 ln
aþ s
a s
 
ds:
ð48Þ
The depth of indentation can be recovered from Eq. (27) as
dhom ¼ P tanhðpq0Þ2pq0Ea
þ 1 2q
2
0
 	
a2
3R
 2q0ae: ð49Þ
For an incompressible half-space (v = 0.5), we have q0 = 0, then
pðrÞ ¼ E

p
P
2Ea2
 2a
2
3R
 
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  r2
p þ 2E

pR
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  r2
p
;
qðrÞ ¼ 2E
e
p
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  r2
p : ð50Þ
The stress ﬁeld given by Eqs. (46) and (50) are consistent with
the oscillatory and non-oscillatory solutions for homogeneous
materials by Chen and Gao (2006b) when one of the contacting
bodies is rigid.
Furthermore, in the absence of a mismatch strain (e = 0), we
have
qðrÞ ¼ 0; ð51aÞ
pJKRðrÞ ¼
E
pa
dJKR  a
2
R
 
1 r
a
 2
 12
þ 2E
a
pR
1 r
a
 2
 12
ð51bÞ
and
dJKR ¼ P2aE þ
a2
3R
: ð52Þ
These results coincide with the classical JKR solutions (Johnson
et al., 1971) for homogeneous materials.
4.2. P–a–e relation and pull-off force
In the homogeneous limit, k? 0, the corresponding P–a–e rela-
tion from Eq. (37) can be written as
x0a^
3  4x

1
3
bP þ 16x2
9
bP2a^3 þx3akbRea^2 þx4bR2e2a^
þ 8x

5
3
bP
a^
bRe 2
9
¼ 0; ð53Þ
where
x0 ¼
4ð1þ 4q20Þ
3
d8d

9; x

1 ¼
1 2q20
3
; x2 ¼
1
16d8
;
x3 ¼ 16q0d8d9;
x4 ¼ 12d8d9; x5 ¼
q0
2
; d8 ¼
pq0
2 tanhðpq0Þ
; d9 ¼
1þ q20
3
: ð54Þ
When P = 0 and e = 0, the equilibrium contact radius a0 can be
obtained as
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Fig. 8. Variation of the normalized adhesion energy DU=ðKBTÞ as a function of
mismatch strain e for different values of k.
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aJKR
¼ tanhðpq0Þ
pq0 1þ q20
 	
1þ 4q20
 	" #13; ð55Þ
where aJKR ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9pR2Dc=ð2EÞ3
q
is the self-equilibrium contact radius
corresponding to the JKR model and the right hand term in Eq.
(55) is a little bit smaller than 1. For incompressible materials
(q0 = 0), Eq. (53) is reduced to the following non-oscillatory solution
for the P–a–e relation (Chen and Gao, 2006b)
a^3 þ 9bR2e2a^ 1þ bP2a^3  2bP ¼ 0: ð56Þ
Accordingly, in the homogeneous case, Eq. (40) reduces to the
following form:
x6eP2
8eE~a3  1 2q
2
0
3
eP þ 2 1þ q20 	 1þ 4q20 	
9x6
eEa^3 þ q0ePe
a^
þ 8q0 1þ q
2
0
 	
3x6
eEa^2eþ 2 1þ q20 	
x6
eE~ae2  p ¼ 0; ð57Þ
where x6 = tanh(pq0)/(pq0).
In the absence of e, the following P–a relation can be obtained as
P ¼ 4pq0E
a3
R tanhðpq0Þ
1 2q20
3

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
tanhðpq0ÞR2Dc
2q0E
a3
 q20
s24 35: ð58Þ
Consequently, the pull-off force and the corresponding critical
contact radius become
Ppfhom ¼ 
3pRDc
1 2q20 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ q20
 	ð1þ 4q20Þq ;
acrhom ¼
tanhðpq0Þ
4q30
1þ 2q
2
0  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ q20
 	
1þ 4q20
 	q
264
375R2Dc
E
8><>:
9>=>;
1=3
:
ð59Þ
In the frictionless limit (q0? 0), Eq. (57) becomes
eP ¼ 4
3
eE~a3  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ8peE~a3  16eE2e2~a4q ; ð60Þ
which is just the non-oscillatory solution derived by Chen and Gao
(2006b). The self-equilibrium contact radius
aJKR ¼ 9pR
2Dc
2E
 !1=3
; ð61Þ
the pull-off force and the critical contact radius
PpfJKR ¼ 
3p
2
RDc; acrJKR ¼
9pR2Dc
8E
 !1=3
ð62Þ
in the classical JKR model can all be recovered by taking q0 in Eqs.
(55) and (59).
The above analysis shows that the classical frictionless JKR solu-
tion coincides with the non-slipping solution for incompressible
materials (v = 0.5). For regular materials with positive Poisson’s ra-
tio, as indicated by Chen and Gao (2006b), the JKR solution is very
close to the non-slipping solution. For auxetic materials with neg-
ative Poisson’s ratios, however, there are larger differences be-
tween the classical JKR solution and the non-slipping solution.
5. Adhesion mediated deformation sensor
Induced by the changes in environment temperature, the pres-
ence of a mismatch strain may cause the adhesion to break up,
leading to the concept of adhesion mediated deformation sensor
proposed by Chen and Gao (2006b, 2007b). So far this model has
only been studied for homogeneous materials, and here we extendit to the power-law graded material. For a ﬁxed mismatch strain
with no applied force, the contact radius behaves according to
Eq. (37) in which P = 0,a = aeq. In this regard, the adhesion energy
can be obtained as
DU ¼ UT jP¼0;e–0a¼aeq ¼ pa2eqDc DUE; ð63Þ
where
DUE ¼ 21þk pd3d5j
a5þkeq
R
þ 23þkpd3d6ea4þkeq
þ 21þkpd3d7jRa3þkeq e2: ð64Þ
Fig. 8 plots the normalized adhesion energy DU/(KBT), where KB
is the Boltzmann constant and T = 300 K is the room temperature,
versus the mismatch strain for various k. At a ﬁnite jej < 0.1, the
adhesion energy decreases initially with k until k = 0.5, then DU in-
creases with k monotonically. In addition, DU associated with
k > 0.5 is seen to decrease more slowly than that for k < 0.5. This
means that the adhesion system for k > 0.5 shows more stability
than for smaller values of k. Even so, the adhesion energy is re-
duced to the level of KBT as jejP 0.1, when adhesion will become
sensitive to thermal ﬂuctuations.
6. Effect of mode mixity for graded materials
The above analysis of non-slipping adhesive contact on power-
law graded materials is based on the assumption that the work of
adhesion Dc is a material constant throughout the loading process,
as in the case of a perfectly elastic material with reversible adhe-
sion. It is also assumed that Dc is independent of the local fracture
mode, meaning it does not depend on whether the detachment oc-
curs by tensile or shear failure mode along the interface. However,
as demonstrated recently by Waters and Guduru (2010), under
combined normal and tangential loading conditions (mixed-mode
loading), the work of adhesion increases signiﬁcantly with increas-
ing degree of mode mixity. This is not difﬁcult to understand if the
similarity between fracture mechanics and contact mechanics is
recalled (Maugis, 1992; Giannakopoulos et al., 1998) since it is well
known in fracture mechanics that mode mixity will increase the
interface fracture toughness. Following the ideas from fracture
mechanics (Evans et al., 1990; Hutchinson and Suo, 1992), here
we investigate the inﬂuence of mode mixity on adhesive contact
of graded materials. Without loss of generality, we focus attention
on plane strain adhesive contact.
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in non-slipping adhesive contact with a power-law graded half-
space under a normal force P (negative when tensile), the normal
(z direction) and tangential (x direction) tractions in the contact re-
gion can be expressed as follows (Jin and Guo, 2010)
pðxÞ ¼ 1
ða2  x2Þ1k2
I1 cosðq ln aþ xa xÞ  I2 sin q ln
aþ x
a x
 n o
;
qðxÞ ¼ j
ða2  x2Þ1k2
I2 cos q ln
aþ x
a x
 
þ I1 sin q ln aþ xa x
 n o
;
ð65Þ
where
I1 ¼ Cð1þ kÞð2aÞkRk
P þ 1
jh1R
a2ð1þ 4q2Þ  x2ð2þ kÞ
ð2þ kÞð1þ kÞkrk ;
I2 ¼ 1jh1R
2qax
ð1þ kÞkrk ð66Þ
with
Rk ¼ C 1þ k2 þ iq
 
C
1þ k
2
 iq
 
;
whilst k, h1 and q are deﬁned in Eqs. (6)2, (6)4 and (8)4, respectively.
Similar to Erdogan and Wu (1993), we deﬁne the complex-val-
ued stress intensity factor for power-law graded materials as
follows:
K ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
lim
x!a
ða xÞ1k2 þiq pþ i
j
q
 
¼
ﬃﬃﬃﬃﬃﬃ
2p
p
ð2aÞk12 þiqðI10 þ iI20Þ; ð67Þ
where
I10 ¼ Cð1þ kÞð2aÞkRk
P þ a
2
jh1R
4q2  1 k
ð2þ kÞð1þ kÞkrk ;
I20 ¼ a
2
jh1R
2q
ð1þ kÞkrk : ð68Þ
From Eq. (65), the combined interfacial traction at x = a  g in-
side the contact region is
pþ i
j
q
 
x¼ag
¼ Kﬃﬃﬃﬃﬃﬃ
2p
p gk12 iq: ð69Þ
Moreover, the complex form of the displacement discontinuity
ahead of the contact region can be calculated as
½uz þ ij½ux ¼ ðuz þ ijuxÞ þ x
2
2R
 h; ð70Þ
where the depth of penetration h is given by
h ¼ h1rkjCð1þ kÞ
ð2aÞkRk
P  1þ k 4q
2
2ð1þ kÞð2þ kÞ
a2
R
ð71Þ
with
rk ¼ p½tanðbp=2Þ þ i= cos½pðk=2þ iqÞ ð72Þ
and b is deﬁned in Eq. (6)3.
From the surface Green’s function of power-law graded half-
space, the complex surface displacement at x = a + g outside the
contact region can be obtained as
uz þ ijux ¼ jh1 tanbp2 þ i
 Z a
a
pðsÞ þ ij qðsÞ
ðaþ g sÞk
ds: ð73Þ
An asymptotic analysis will show that, as g? 0+,Z a
a
ðaþ sÞk12 þiqða sÞk12 iq
ðaþg sÞk
ds
! p
cos½pðk=2þ iqÞ
2kRk
ð1k2iqÞCð1þkÞ
g
2a
 1k
2 iq
;Z a
a
sðaþ sÞk12 þiqða sÞk12 iq
ðaþg sÞk
ds
! apðkþ2iqÞ
cos½pðk=2þ iqÞ
2akRk
ð1k2iqÞCð1þkÞ
g
2a
 1k
2 iq
;Z a
a
s2ðaþ sÞk12 þiqða sÞk12 iq
ðaþg sÞk
ds
! a
2pð1þk24q2þ4ikqÞ
2cos½pðk=2þ iqÞ 
2a2kRk
ð1k2 iqÞCð1þkÞ
g
2a
 1k
2 iq
:
ð74Þ
Combining Eqs. (65)–(74), the asymptotic displacement discontinu-
ity outside of the contact edge is obtained as
ð½uz þ ij½uxÞjx¼aþg ¼
2jh1½tanðbp=2Þ þ ikRk
ð1 k 2 iqÞCð1þ kÞ
Kﬃﬃﬃﬃﬃﬃ
2p
p g1k2 iq: ð75Þ
Based on the above results, the strain energy dUE released for a
perturbation da can be calculated as
dUE ¼ 12
Z da
0
½pþ iq=jf½uz þ ij½uxgdg
¼ jh1½tanðbp=2Þ þ ikRkð1 k 2 iqÞCð1þ kÞ
jKj2
2p
Z da
0
g
da g
 k1
2 þiq
dg
¼  jh1krkRk
4pCð1þ kÞ jKj
2da; ð76Þ
Consequently, the energy release rate is
G ¼ dUE
da
¼ 1
2
jh1krkRk
2pCð1þ kÞ jKj
2
; ð77Þ
which is exactly the same as the result given by Jin and Guo (2010)
obtained through global energy analysis. In the homogeneous limit,
i.e. k? 0, we have
j! 1; h1 ! 1 2m2ð1 mÞE ; krk !
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3 4m
p
1 2m ;
Rk ! p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3 4m
p
2ð1 mÞ ;
which means that the corresponding energy release rate reduces to
the classical result for homogeneous materials (Rice, 1988)
G ¼ 1
2
1
cosh2ðpq0Þ
jK0j2
E
; ð79Þ
where q0 is deﬁned in Eq. (45)5 and K0 = limk?0K is the complex
stress intensity factor for homogeneous materials. Note that the fac-
tor 1/2 appearing in Eqs. (77) and (79) is due to the presence of the
rigid punch (Maugis, 1992). The above analysis demonstrates the
rationality of the proposed deﬁnition of complex-valued stress
intensity factor for power-law graded materials.
Following Hutchinson and Suo (1992), we choose the following
expression to describe the effect of mode mixity on the work of
adhesion
xadðwÞ ¼ DcnðwÞ ¼ Dc
1 ð1 k0Þ sin2 w
; ð80Þ
where Dc is the work of adhesion for pure mode I loading; the phe-
nomenological parameter k0(0 6 k0 6 1) adjusts the inﬂuence of
mode mixity, whose value can be determined from experiments
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Fig. 10. Normalized pull-off force as a function of the gradient exponent k for
different values of k. Ppf2D-JKR is the pull-off force of the two-dimensional JKR model.
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k0, the stronger the effect of mode mixity. When k0 = 1, xad reduces
to Dc. In Eq. (80), the mode-mixity angle is deﬁned as
w ¼ tan1 Im½Kl
iq
Re½Kliq
; ð81Þ
where l is a reference length, the choice of which was discussed by
Hutchinson and Suo (1992). As a consequence, the energy balance
equation in the adhesive contact analysis can be stated as
G ¼ dUE
da
¼ xadðwÞ: ð82Þ
From Eq. (82), the relation between the normalized normal load
P/Dc and the normalized contact half-width a/R can be written as
kx7rkCð1þ kÞj
21þkRkak
Dc
ER
P
Dc
 2 a
R
 ð1þkÞ
x8 aR
P
Dc
þ 2
k1x9Rkak
x3krkj
ER
Dc
a
R
 3þk
 2nðwÞ ¼ 0; ð83Þ
where three dimensionless parameters x7, x8 and x9 are deﬁned
as0.0
0.1
0.2
0.3
0.4
0.5
-10 0 10 20 30
 λ
 λ
 
 λ
 
  λ
2D-graded, 
α /Δγ ν 
/Δγ
-10 0 10 20 30
0.0
0.2
0.4
0.6
0.8
 λ  λ
 
2D-homogeneous ( ) 
/Δγ ν 
/Δγ
λ
 
 λ
a
b
Fig. 9. Normalized contact half-width a/R as a function of the normalized normal
load P/Dc under different values of the mode-mixity parameter k0 for (a) power-law
graded half-space (k = 0.5) and (b) homogeneous half-space.x7 ¼ Ckk cos
bp
2
; x8 ¼ 1þ k 4q
2
ð1þ kÞð2þ kÞ ;
x9 ¼ ð1þ 4q
2Þ½ð1þ kÞ2 þ 4q2
ð1þ kÞð2þ kÞCð3þ kÞ : ð84Þ
In the homogeneous limit, i.e. k? 0, Eq. (83) reduces to
1
p
Dc
ER
P
Dc
 2 a
R
 1
 1 4q
2
0
2
a
R
P
Dc
þ pð1þ 4q
2
0Þ2
16
ER
Dc
a
R
 3
 2nðwÞ ¼ 0: ð85Þ
According to Eq. (83), Fig. 9a and b plots the variation of a/R as a
function of P/Dc for graded and homogeneous materials under dif-
ferent values of k0, showing qualitatively similar results for various
k0. This is consistent with the conclusion given by Chen et al.
(2009) for peeling of a spatula pad on a homogeneous substrate.
For a given value of P, the larger the value of k0, the smaller the
contact radius. Moreover, for the materials examined (v = 0.3),
the pull-off force increases with decreasing k0, which can be ob-
served more clearly from Fig. 10. This indicates that the mode mix-
ity has a more signiﬁcant effect for homogenous materials than for
graded materials. Our analytical model shows that the effect of
model mixity can be neglected when the gradient exponent k is
greater than 0.8.7. Conclusions
In the present paper, we have studied non-slipping adhesive
contact between a rigid punch with a parabolic shape and a
power-law graded elastic half-space based on the Jacobi polyno-
mial method. A series of closed-form analytical solutions are ob-
tained by solving a set of coupled singular integral equations.
Our analysis identiﬁes a dimensionless parameter qwhich governs
the non-slipping effect, which vanishes in the case of linearly
graded materials as well as homogeneous incompressible materi-
als. Our analysis indicates that the frictionless solutions work well
for materials with positive Poisson’s ratio. However, for materials
with negative Poisson’s ratio (auxetic materials), the solutions de-
rived under non-slipping condition deviate signiﬁcantly from the
frictionless solutions. Furthermore, the role of mode mixity in
plane strain adhesive contact of power-law graded materials has
been discussed in some detail, with results showing that the mode
X. Guo et al. / International Journal of Solids and Structures 48 (2011) 2565–2575 2575mixity plays a more prominent role for homogenous materials
than for graded materials.
In the present analysis, we have considered non-slipping
adhesive contact on a power-law graded elastic half-space. This
may not be too restrictive since the power-law solutions for
E = E0(z/c0)k can sometimes be superposed on the homogeneous
solutions to obtain ﬁrst order solutions for more general cases
(Giannakopoulos and Pallot, 2000). It may also be possible to
follow a moduli-perturbation approach described in Gao (1991)
to obtain some more general approximate solutions based on the
present solutions.
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